A decoherence mechanism in the transition from pure quantummechanica1 systems to thermodynamical systems is proposed. We see that a quantum-mechanical expression of temperature is derived and the expression for boson systems and that for fermion systems are different. An application to the calculation of change of temperatures is investigated in a quasi-static process and numerical analyses for mixing of two gases with different temperatures are carried out. Considerations in terms of ultra-power representations of nonstandard-analysis are also presented.
INTRODUCTION
Decoherence for quantum-mechanical states, e.g., the state given by b >= c)n >, is required in the transition from the pure state expressed by the density matrix Pp'are =IcI2In >< mI+ : cin >< mI (1) n to the mixed state PmiTknI2Ifl><fi, (2) where the complete set n > of Hamiltonian H0 fulfills the equations HoJn >= EIn > and < njm >= 6n,m and c are complex numbers satisfying the normalization condition > c2 = 1. We see that the interference terms of disappear in the transition, that is, the decoherence occurs. The decoherence problem is not only the serious problem in the quantum theory of measurements1 but also the important one in thermodynamics. For instance the density matrix of canonical ensembles in statistical mechanics is written down in terms of the mixed state such that Pstat e-/3EflJn >< nI/Z, (3) where 3 = (kT)1 (k= Boltzmann's constant, T=temperature) and Z = Tr(E e_ n > < nJ). We may say that two important problems exist in the derivation of pstat: (1) Some kinds of decoherence mechanisms must exist in the thermal equilibriums.
(lI)The relations (canonical-ensemble relations), cJ2 x for Vn, must be fulfilled in the density matrix representing the canonical ensembles.
The first problem also appears in the quantum theory of measurements, while the second one is a purely thermodynamical problem. It is apparent that phenomena in thermal equilibriums are characterized by the existence of heat baths. How to describe the heat baths in the framework of quantum SPIE Vol. 3076 • 0277-786X197/$10.00 mechanics has not yet been known. In statistical mechanics total systems including the heat baths and the objects are always written down in terms of microcanonical ensembles which describe thermally isolated systems. The basic assumption for the thermally isolated systems is the principle of equal a priori probability. It is known that the canonical-ensemble relation originates from the principle. For the states given in (1) the principle is expressed by the relations c2 Cm 2 for E = Em . It is obvious that general quantum mechanical states do not fulfill the relations and also the states fulfilling the relations generally span only a special subspace of the whole physical space 1-t spanned by the complete set of H0. (Hereafter we call the subspace the thermal subspace of H0 and write it as flthermal.) The projection of flo to 'lIthermal will be an important problem in the quantum-mechanical derivation of the thermal equilibriums as same as the decoherence problem. It is noted that the energies of the states fulfilling the canonical-ensemble relations have a certain experimental uncertainty t5E, that is, the relations c!2 = 1Cm 12 must be fulfilled among the states having the energies Em in the region E -5E < Em < E + 5E (E >> SE). This means that interactions H1, of which contributions to the energies of the systems are small enough to be ignored in comparison with those of the energy uncertainty, i.e., < mlHjIm > < 5E, may be included in the total Hamiltonian H such that H = H0 + H1. It will be possible that the physical space of the total Hamiltonian H coincides with the thermal subspace of H0, flthermal. In this description the interaction H1 will be taken to be negligible in thermodynamical limits. That is to say, in the limit all the contributions arising from H1 are hidden behind the energy uncertainty 5E and then the thermal subspace of H0 seems to be realized. When we study the limit of H1 -÷ 0, we should not forget about the fact that some physical quantities induced by the introduction of H1 become immeasurable.
Thus we have to introduce some kinds of average operations with respect to such immeasurable quantities. It is important that such average will be represented by the partial trace operation (the internal trace Tn) with respect to such immeasurable quantities, which plays an essential role to realize the decoherence in the quantum theory of measurements.2'3 We can expect that the introduction of the thermal interaction H1 has the possibility for solving the two problems presented in (I) and (II), that is, the decoherence problem and the canonical-ensemble problem, simultaneously in the limit H1 -0. Actually the author presented a simple model to realize the above scenario for a N-harmonic oscillator (N-bose particle) system described by the original Hamiltonian H0 =
aaj.4_6
In this paper I shall discuss the general scheme realizing thermal equilibriums for bosons and fermions in Section 2. An application to change of temperatures in a quasi-static process is discussed in Section 3. Formulation in terms of nonstandard analysis is briefly mentioned in Section 4.
QUANTUM MECHANICAL DESCRIPTION OF THERMAL EQUILIBRIUMS
Let us start from a model realizing thermal equilibriums in a harmonic oscillator system corresponding to a boson system. 4 The Hamiltonian of a simple harmonic oscillator given by H = €ata has an ambiguity of a phase. Namely, the Hamiltortian does not change in terms of the introduction of the phase 0 such that a(O) = ae_29 and at(O) = at €26. N-oscillator system may contain N number of such phases. Then we may have interactions which depend on the phases. Here we shall investigate the extension of the simple harmonic oscillator system to the harmonic oscillator system containing the phases.
Model
The model is described by the system composed of N oscillators (or N particles) which are described by the Hamiltonian H0 as Ho=€Eaaj, (4) where at and a3 are, respectively, the creation and annihilation operators and follow the commutation relations {a, a] = 5ij . The phases 9, are introduced to the oscillators by using the operators a It is obvious that the states IM, N, [9] > span only a subspace of the whole physical space of H0. We may say that the subspace represents the thermal subspace of H0 (flthermal), because the fundamental principle of statistical mechanics describing thermal equilibriums, the principle of equal a priori probability with respect to the eigenstates of H0, is satisfied on the subspace.
Relative-phases interaction
We introduce the new operators:
(O) a(O)(j + 1Y1, j(9) (j +1 1a(9) (8) for i = 1, ..., N, where N3 = aa stands for the excitation-number operator for the jth oscillator. We see that a(9)lnj,9j> = n+1,9>, forVn,
The relative-phase interaction is written as = + 0 > <01), (10) where c, is the energy scale, c4 = c(0), = ck(O), = Ii IcJ (the total excitation-number operator) and the relative phases °3k = 93 -9k. We obtain the relation HIM, N, [9] 
for H = H0 + Hr([O]). 4 We see that the physical space of the total Hamiltonian H is spanned by the set of the states IM, N, [0] > for M = 0, 1, 2 . , which is nothing but the thermal subspace of H0. It is interesting that H'({o]) plays the role of projection operator from the original physical space (flo) of H0 onto the thermal subspace (Nthermal) of H0. Thermal limit will be described by the limit c -÷ 0, where the eigenvalues of H can approximate to those of H0.
Decoherence
In order to derive microcanonical ensembles the decoherence with respect to the eigenstates of H0 must be derived. It can be realized by the average with respect to the phases, which are immeasurable in the thermal limit g 0, such that
Note that this average for all phases is not needed in the derivation of canonical ensembles performed in Subsection 2.5. 
A useful expression on the thermal subspace

Derivation of canonical ensembles for H0 and temperature
We divide the total system into two groups, b3 a3 (j = 1,2, ..., Nb) (b-group) and dj_Nb a3 for j Nb + 1 (d-group). The eigenstates of the total Hamiltonian IM, N, rhere Mb, Nb, [9] >band Md, Nd, [ci5] >d are, respectively, the eigenstate on the thermal subspace of the b-group and that of the d-group. Hereafter we shall treat the b-group as the heat bath and the d-group as the object. Then the b-group is taken to be much larger than the d-group, i.e., Nb >> Nd and Mb >> Md.
The effective density matrix for the object can be derived by performing the internal trace(Tri) for the heat-bath(b-group) variables and the integration over the phases {] of the object(d-group), because the most of quantum numbers of the heat bath and the phases {j] of the object become immeasurable in the thermal limit E9 " 0. Thus we have the effective density matrix
The canonical ensemble is realized at the maximum of the probability 
Thus the temperature is introduced as the common physical quantity between the two systems. We can estimate the change of the coefficients with respect to the change of the energy of the object, that is, E0b=EMdwithzMdMd<<M, Mb,as
W(Mb,Nb)
Mb+Nb
We can determine the temperature by using the quantities of the heat bath as kT = €(ln(1 + Nb/Mb))1.
We obtain the density matrix for canonical ensembles in the limit M ' Let us consider two oscillator systems composed of the same oscillators (or bosons). In order to distinguish them one is called a-system described by the original Hamiltonian II = c ata and the other is b-system described by H = >7b1 btb . Hereafter we shall represent the operators defined in Subsection 2.4 by A9 for the a-system and by B for the b-system. We postulate that the a-system is in the thermal equilibrium on 7hermal arid the b-system in that on 11hermal That is to say, the a-and b-systems are, respectively, described by the states Ma, Na,[O} > >a and Mb, Nb, [q51 >= ./M!(8)l0 >b.
The thermal interacton may be written as follows;
where AT A9 + i, AT A8 + B.
In H1 the terms H([9J) = €9A9A9 and Hj'([q5]) = are, respectively, nothing but the relative-phase interactions for the a-and b-systems, which are already taken into account in the description of the states (Ma, Na , [0] > and Mb , Nb, [71 >. Then the interaction between the a-and b-systems is represented by H €9(A9875 + !3A0). (27) From the relations of (14) we see that this interaction induces the transitions only among the states bound on the direct-product space of two thermal subspaces for the a-and b-systems and then preserves both thermal equilibriums for the a-and b-systems. This means that the processes induced by this interaction represent quasi-static processes.8 Therefore we can determine the temperatres of the two systems, Ta and Ti,, in each step of the transition.
Time evolutions
In the interaction picture the unitary time evolution operator is evaluated as8 U(t,O) = exp{-iw9(AgB + 14A9)tJ.
We study the case where two systems are mixed at t = 0 and the initial state is given by I:J!I >= IMa,Na,[0] > ®IMb,Nb,{] >
Here we shall discuss the case for Na N&. We may consider that all the constituents in both systems couple each other. The density matrix is written down as p = U(t,O)J4'1 > < J!jJU(t,O)t (29) and the effective density matrix for the object (b-system) is obtained by performing the partial trace operation (Tn) for the variables of the other (a-system) as and others may be taken to be zero up to the order O( (w9r)2). We obtain the time dependence of the mean excitation number of the object as
This result is quite reasonable because the energy of the object increases if it is smaller than that of the environment and vice versa. Furthermore the change of the energy stops when both energies become same 
We have the equations for the difference m(n) = 114(n) -Ma(fl) as Lm(n -1) = -2(w9r)2m(n -1)zn,
where m(n -1) = m(n) -m(n -1) and L\n = 1. Since we may treat ri as a continuous variable in the region n > > 1 , we derive the relation m(n) (Mb -Ma)e_2Tt (36) where the time corresponding to the nth step ti-, Tfl is used. From the above result and the relation for the energy conservation Ma(rt) + Mb(fl) = Ma + Mb for V we get Mb(t) = Ma + Mb Mb Ma_2w2Tt (37) The time when the thermal equilibrium is almost realized may be represented by the time when the difference m(n)/Mb approximates 0. From the relation m(n) 1 < < Ma , M5 it is estimated as tthermal ln(IMb Note that the exponential damping property of Mb(t) for t is same as that of classical damped oscillation. We may put wgT < (Ma + Mb)1'2 (39) because the consistency of the perturbation, that is, all the probabilities evaluated in the above perturbation (P (A, B) ) must be positive. We have tthermal >
Mbln(IMb MaI) (Z+Eb)/El(IE -EaI/). (40)
The temperature of the object after the n-perturbation steps is derived as Tb(n) (€/k)(ln(1 + 2NbEI(Ea + Eb (Eb _ Ea)e2Ttn)))l. Since the time(tmeas) required for measuring the energy with the accuracy zE c is much shorter than the perturbation time(tpert), i.e., tmeas h/c << tpert h/€g because of c >> fg, we have time enough to measure the temperature which is determined by the knowledge on 1hcrmal involved in 7-I.
Numerical considerations
Here let us numerically study the time-dependence of the temperature which may be the most probable observation in experiments. We investigate a simple example, that is, the change of the temperatures in the mixed process of two same particle systems (gases) which have a similar weight (Na Nb) but different temperature (Ma M5) and are bottled in the same-sized cubes (the volume=13(cm3)). Since the energy spectrum of a constituent particle in the cubes are derived as = i-(n + n + n), where m is the mass of the particle and n, n, n are positive integers, all the energy levels are represented by the lowest energy (Eo) x integers and then we may take E0 as the fundamental level spacing used in the previous discussions. (Exactly speaking, we have to use the method for the model involving different energy scales presented in Ref. 5 .) The lowest energy is obtained as E0 0.25 x i0° (erg), (42) where the gas is taken as the hydrogen gas. The temperature is written down as T(t) 0.2 x 10-14 l2ln(1 + Nb/Mb(t)) (43) where Mb(t) is given by (37) and t = Tn is used.
Let us study a case corresponding to our daily phenomena, say 1 = 1cm and T r' 102 OJ. Since the factor 0.2 x i0'4 is very small, the approximation ln(1 + Nb/Mb(t)) Nb/Mb(t) << 1 must be realized even at very low temperatures. Thus we get T(t) (Ta + Tb) + (Tb _ Ta)e_2T)t (44) for t > > 1/wr, where Ta and Tb are, respectively, the initial temperatures of the a-and b-systems. This formula is quite reasonable from the classical point of view. We can determine the parameter WTfrom experimental data.
Let us study the case for the quantum size, for instance, 1 = 108cm. We get Tb(t) 20 x ln(1 + N/Mb(t)) (°K) . (45) The difference from the result given in (44) is found only below the critical temperature T 2O/ln2 ( 29) OJ(, where the relation Nb/Mb(t) >> 1 must be satisfied. We have Tb(t) Tb(f) + X Tb(f)2Zb :e2T)t Thus we see that they are equivalent as a physical space. This situation is quite similar to that induced by a gauge invariance which generates different (gauge-parameter dependent) but physically equivalent representations. It is, however, obvious that they are not orthogonal on the original Hubert space 7-Lo, that is, We see that the thermal subspaces are mutually different . The difference, however, disappears in the thermal limit g 0. We may understand that the thermal limit means that the difference is smaller than the experimental uncertainty 6E whose existence is a fundamental concept of thermodynamics and then the difference is always wrapped in the uncertainty E. We should not forget about the fact that in thermodynamical problems investigated here we discuss only about the thermal equilibriums for the original Hamiltonian H0 but not about those for the total Hamiltonian H = H0 + Hl)T({9}). In thermal equilibriums where the difference involved in the experimental uncertainty are unobserved we cannot see anything about the phases. We therefore introduce the average operation with respect to the unobserved phases, which was carried out in the Subsections 2.3 and 2.5 for the derivations of the mixed density matrices of microcanonical ensembles and canonical ensembles. We may understand that this average operation is just the representation of the principle of equal a priori probability on the original Hubert space flo in the present scheme.6 4.3. Ultra-power representation of thermal equilibriums All the eigenstates JM, N, [0] > for the variation 0 '2 < 2r must be treated as the equivalent ones in thermal equilibriums. How should we consider this requirement in quantum mechanics? In order to investigate this problem we have again to notice the fact that the ignorance of the experimental energyuncertainty 5E in comparison with the observed energy cM is the basic background of this requirement. We should also take account of the fact that heat baths must be represented by the states containing an infinite number of constituents, because in thermal equilibriums it is postulated that heat baths do not change its physical properties in any transfer phenomena of physical quantities between the heat baths and objects. This situation is quite similar to that encountered in the quantum description of classical macroscopic objects, where the macroscopic objects are represented by the infinite number of constituents and the energy for the internal motions is treated as an infinitesimal in comparison with that of the central motions.9 As we follow the argument for the macroscopic objects, we may expect that the heat-bath states will be described in terms of the ultra-power representation of nonstandard analysis'° and the expectation value given in (50), which is hidden by the experimental uncertainty, can be taken as the infinitesimal to determine the ultra-filter for the ultra-power representation. In such a scheme it will be shown that all the eigenstates noted above are equivalent in the ultra-power representation. And then we may understand that the average operation over the phases represents the equivalent average with respect to all the equivalent states in the ultra-power representation.
A little more precisely speaking, the direct-product states fli 1, , 03 > 5>N M which are the basis of the thermal states (IM, N, [0] > given in (6) ) can be the ultra-powers of nonstandard anlysis in the limit of N -+ cx. Taking account of the fact that heat baths must not change their physical quantities throughout any interactions with objects, the limit N -* oc for the heat-bath variable N must be required to describe the exact thermal limit. Thus we see that the introduction of the ultra-power representation of the nonstandard analysis is quite reasonable in the thermal limit. Since can be taken to be an infinitesimal of nonstandard analysis in the thermal limit c -÷ 0, an observed energy which is of the order O(EM) and accompanyied by the uncertainty öE >> 2c9M has a monad (infinitesimal neighborhood) detemined by the infinitesimal Eg. In quantum mechanics on nonstandard space9 the states whose energies are in the same monad become equivalent. This means that the thermal states having the same eigenvalue EM with respect to the Hamiltinian H0 are equivalent on the nonstandard Hilbert space of the Hamiltonian H = H0 + H({9}), where c9 is taken as the infinitesimal. We have on physical reason to choose one from the equivalent states. And then such equivalent states must be treated as completely equivalent ones. The average operation over the phases is just the representation of this equivalent treatment with respect to the equivalent states in the quantum mechanics on nonstandard space which is determined by the limit of N -p and E9 -0.
